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Abstract:- The stress distribution on elastic space due to
nuclei of thermo elastic strain distributed uniformly on the
circumference of a circle of radius R situated in the place z=
A of the elastic semi space of Hookean model has been
discussed by Nowacki: The Force stress and couple stress
have been determined . The fore stress reduces to the one
obtained by Nowacki for classical elasticity.

Key words: Stress  distribution, semi
Hookean model, force stress and couple stress.

space of

Introduction:

Analysis of stress distribution in elastic space due to
nuclei of thermoelastic strain distributed uniformly on
the circumference of a circle of radius r situated in the
plane Z = h of the elastic semi space of Hookean
model has been discussed by Nowacki.

This note is an extension of the analysis of above
problem for micropolar elastic semi-space. Force stress
°ji and couple stress "ji have been determined due to
presence of nuclei of thermoelastic strain situated in
the place Z = h inside the semi space. The force stress
reduces to the one obtained by Nowascki for classical
elasticity.

Basic Equations:

We consider a homogenous isotropic elastic material
occupying the sami infinite region Z > O in cylindrical
polar coordinate system (r, 6, Z). It has been shown by
Nowacki [64] that is in the case when the

— . .
—and microrotation
u

macrodisplacement  vector
- . .
—depend only on r and z the basic equations of
w

equilibrium of micro-polar theory of elasticity are
decomposed into two mutually independent sets. Here

_>
we shall be concerned with the set — = (u;, O, u,) and
u

%
the rotation vector — = (O, ¢,0):
W

1 oe ) oT
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cn(6.1)
Where e =
10 ou
——(ru)+—
ror oz
1
Vz = af + _ar + ai
N r
¢= (Gh+2p) “t
u,u, = displacement components
de = Component of rotation vector
A, o, vy, € = elastic constants
T(r, 2) = temperature distribution
“t = coefficient of thermal expansion.

359



ISSN 2250-0987
Ayaz Ahmad , UNIASCIT, Vol 3 (2), 2013, 359-369

- -
To the displacement vector — (u,, O, Uu,) and the rotation vector — = (O, ¢g, O) is ascribed the following state of
u W

force stress “ij and couple stress "ij

°rr 0 °rz
%ij = 0 c 0
°zr 0 °zz
0 “ro 0
Hij = or 0 "0z ”
0 Hz0 0

Stress-Strain relations :

- -
The relation between stress tensor o, w; and displacement — and rotation — in the cylindrical coordinates
u w

are given by
M e
or 7 or
o 2u i ge-T
Goo = r
oM e
Oz 7 0z
ou ou ou ou
zz_|_ ry r+ z _|_2
w = M or az) a(az ar) 9y
ou. ou ou  ou
z+ r _|_ r z _2
ow = ﬂ(ér az) a(éz ar) 9y
o9, @, 0Py Py
Mo = y(ar r)e(c’?r r)
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0 by, O, by

I (G alni) L =1
Hor = or r or r ..(62)
09,
Hoz = (vy-e) 0z
09,
Hzo = (vy-e) 0z
Following Nowacki [108], we introduce displacement potentials ¢, ¥ and rotation potential V such that
op , O
W= or .01
op 10, 81//)
e 7 0z ror  or (63
oV
do = ar
Substituting ( 6.3) in (6.2) we get
0 , > 0° 2 oT
A+2u)—(VO)+ +a)Vy-2av| |=¢c—
(A+2u) 2 (VO)+ = | (ura)Viy —2av] [=er -

(A+2 )ﬁ(vze)—(vz—)a—z[( +a)Viy —2av | = o
_r® o2 v "

0 ) 0
—| (yv+e)V° —4a |V+2a0=—V2¥ =0
ar[(y 9 ] or

The above equations are satisfied if

ViV § = mVeT

VZ((VP-1) V=0 ....(6.5)
2 (u+a)y+e) 3
Where £° = 40{/1 rm = 21+ 2,Ll ! and V and WV are related by
+ e
VY =22 {()/A,—a)vz —1} \Y ... (6.6)
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To solve (6.5) we write
= ¢’ + ¢’ ..... (6.7)
V=V +V

Where ¢’ and V’ are particular integrals for non-homogeneous part and ¢”, V” are general solutions of homogeneous
part. Now for particular integral we have

\% o = mT ... (6.8)
and v’ = 0
and for general solution we have

VZ VZ ¢a7 - 0

2
v2 ( /€ VZ_ 1) Vv”

1
o

... (6.9)

Solution of the title problem :

We consider nuclei of thermo elastic strain distributed uniformly on the circumference of a circle of radius r
and situated in the plane z = h inside the elastic half space. The stress distribution o can be considered as sum of two

S

S

stress systems and |S|. The system constitute stress distribution o;; of infinite elastic space containing two

nuclei of thermoelastic strains situated in the planes z = hand z = -h distributed uniformly along the circumferences of

the circles, each of radius r. The second system [S| constitutes stress distribution o corresponding to elastic semi-

space in the isothermal state. The stress ¢”j; is so chosen that the boundary conditions on the plane z = O.
Oz - 0, Oy = 0, Hzo = 0
are satisfied.
The thermoelastic displacement potential ¢’ corresponding to oj; satisfies the equation
v = md (R" - R) [8(z-h) - & (z + h)] ....(6.10)
Wherer? = x*+y? and & (x) represents Dirac — delta function.
Representing the right hand side of the equations (6.10) by the Fourier Integral

m& (-R) [ (z-h) - 8 (z+h]

— m_RTZ J,(&r)J,(¢R) [Cosr(z —h)—Cosr(z + h]
7T

The solution of (6.10) is represented by the integral

§'="R 13, R, (en[e e N &-]dz[2]-h>0

611)
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:%RIJO@R)JO(&) (e (z—h)—, &z —h) |d&[z]-h >0
..6.12)

The stress distribution for the system ( S ) is obtained

) o
0w - {(afﬁ)—w}

_ szJo (ER) {Jo (ER) = J; (fr)}[e("g(zm e |dg
muR ér

c00° = 2u (%%—VZ(IV) :-Zp(

82¢| 82¢I
+
or* oz’ )

o |3, @R[ 3,(0)+3, (e [0 —e s Jae

General Solution for Homogeneous Equations:

Applying Kankel transform to equation (6.9), the general solution for half space is given by

. :ofg(A+B§z)e“fzJo(§r)d§ o
o v JELE Ve, (e
1

2
where 6 = 5 + f_z and L,M,A, B are some functions of &, to be determined by boundary conditions.

Equations (6.4) give

A+2u
L = - EB. ...(6.16)
y
Knowing the functions ¢, ¥’ and V” the force stresses and couple stresses are calculated by the relations
au 82 n a " 2 rn
o = 2u +Ae=2u—(¢"+ . )+ AV g
or or oz
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. _ - Il +ﬂ/v n
O 9o = 2}1 r 6"' (¢ ) ¢
8¢" 2 82 2
tH) — - 4 +ﬂ/v
a¢ll ) 82 .
29 — v 2
u = ar a { a Ve }

. aViy"-20N "]

RV 1 ave
”r = -c —_— _ -e - —_—
Hro (v-€) arz (v)r 0,
oV " YA
” = -c =2 -(e) . T~
W oer (vy-€) arZ (v-€) r ar
V"
”Z — 'E —_—
V"
2 . — 'E —_—
Since the bounding surface z = 0 is free from tractions, we have onz=0, |S|+] §| = 0
Thus
GOz = G’ + G 7z = ¢}
Ozr = o + G 7 = o
Hzo = W20 + W20 = o
Since Wy = 0, weget p,, = O from (6.18)5
(o)
This gives L = - M E (6.19)
Also, from (6.16) we get
o A+2u, &
L = L — = ( )=o)
4 H

The solution of equation
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Viy"= —i[(y+ e)V? - 405]V "

Is obtained as

o ﬂ«“‘jB(/Hzﬂ £7e + 2a, Qei‘”j%(fr)df
1 A+ u o
(A+e)(A+2u
Where aq
Au(A+ u)

Boundary conditions (6.18) 1, 2 yield

A =14 ao £%P (&)
(2u
= P (&) ... (6.20)
(A+p)

| _MRE, (ER)e
" 1+2a.£2(1- ¢/ o)

Where P (&)

Substituting expressions for ¢”, ¥ and V” with values of A and B in (6.20), we obtain oj and p;; with the help of the
relations (6.17)

6"p = 3u .[[4a0§ - (2 52} P(£)&%e—"J,(&ndé

+2u T{(H : )(1—52)9_52——230529_&} 3P($)J, (er)de
o A+u :

0

| sger ()3, (Er)de
A+ Mo

Y. J{ (-£2)- 4a§}P(§)e§ZJo'(§r)d§

+4 (p—a)of[1+ H g +ao§3(1/0—0)e_gz} P(£)£°J,(nd (&)
0 A+ u

+4p J{1+

LG AA2UT e & gonypie)y (eryde
A 4u o o

e +2a,lo } &P(£)J,(End¢s

_2(1 + 2/'1) —52 _é -01
Sy road (CREE

: [(Me)J CONEREES (ér)}@ P()
+ 4

ro
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_2(A+e)(A+2€) T J( N
A+u

20 —

)&P(£)I, (Er)dS o (621)

Stress distribution in the elastic half space is obtained by adding (6.13) and (6.21)

Thus

. ! n
Grr - Grr + O-r

- muRT{JO (Er)+ >, (5r)}[ef““> —e 0], (R)dE
o} é:r

o0

+2uf 4a,¢” +/1 fzp}{ék (egr)—Jo(fr)}ésP(f)eézdér

+4p T 1+ a YA-E&2)e —zaofze_ﬂ}{i J, (ér)—-J, (ér)}gf‘P(g)df
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Ogg =Opg +0gy "

— myRI[eg(z‘“) - e“f(”h)]é J, (€N (Endé

2 J{4a & t e s 52} < P(&)e*d, (gn)dé

4p T{(H E)a-c2)e —Zao(fze“zF—Z P($)J, (gnd¢
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_ ! "
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e PR OINCLE
Gzr = GZTI + GZI' !

_ —myRsz |:e§(z—h) _e—«s(zm)]JO (ER)J, (ér)dé
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—2u] [/12—“ 1-<¢2)— 4ao§2J§3P(§)e_§ZJ1 (Er)d<g
o +I[1
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da(A+21) T i

¢ [(efz _L ey ep(&), (en)d 5}
+u o o

2(A+2u)
A+u

w_ 2+ e)(A+24) % I
A+ u

g = oy == T{ i “)}[éwz(fr)—efao(fr)]xp(f)dﬁ

(e —e" ) P(5)J, (Sr)de

/uze - /uzé’

O-rr - 096 - (Glrr + Grr ") - (0'6’6 + 06’6 ")

= (G;r —0y )+ O-Irlr ~0y")

—-muR [0 —e S |2, (eR)D, (¢r)d

A+ U

2R I{(4a§ +/1—§Z)e 21— 1-Gr)e - 28,8 [3,(9)

X‘]z (fl’)dﬁ ... (622)

For a = O, the micropolar couple stress vanishes and in that case y=0, a,= O, ¢ =. Thus we get from (6.22)
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(6.23)

where P (&) reducesto (1-23) e J,(ER). 1

Results in (6,23) have been obtained in for Hookean thermo elasticity.
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